On th e self-energies an d cross-sections of orthodox q u an tu m m echanics
The principal obstacle to progress in several branches of quantum mechanics and especially in quantum electrodynamics has long since been recognized to be the appearance of infinities quite early in the calculation of self-energies and crosssections for scattering by the usual perturbation approximation methods. I t is still unsettled whether the difficulties associated with these infinities arise from the limitations of the mathematical technique employed, or whether they are due to the inadequacy of the physical ideas and assumptions expressed by the orthodox theory. Assuming th at the latter alternative is correct, several authors (e.g. Born & Burner 1931; Podolsky & Schwed 1948; Born & Peng 1944) have proposed modifica tions of the framework of current quantum theory, some of which are successful in removing infinities from terms in the perturbation series which diverge in the orthodox development. The author has experimented with such modifications, and convinced himself that they are all expressible by a change of the Lagrangian func tion which generates the interacting fields, or alternatively by a change in the definition of the momentum and energy operators of the interacting particles, of such a kind that the orthodox theory is valid for low energies, but only approximately so as the energy is increased. Any number of non-divergent theories can be formu lated in this way, and what is needed is some new physical principle to decide which of these is correct. As no principle of this kind has yet won universal acceptance, the situation which has evolved along these lines cannot be regarded as very satis factory.
Before proceeding further in this direction, it would seem eminently worth while to re-examine the other alternative mentioned near the beginning, that the technique of the current perturbation theory is inadequate to deal with the problem. Peng (1946) has shown th a t some improvement is noticeable if one takes account of the degeneracy which is an essential feature of most interaction problems; this improve ment does not, however, extend to the crucial example of the interaction between an electron and the electromagnetic field. Dirac (1947a) and Pauli (1947) seem to recognize the possibility th a t the perturbation expansion may be a t least partly a t fault, though they have no great hope of the required correction being made. In a recent paper (Born & Green 1948, appendix I) , the author had occasion to develop an exact solution of the general perturbation problem, and the question a t once arises whether use cannot be made of this solution to determine finally whether the difficulty is a purely m athem atical one. The principal object of this paper is to answer this question as far as possible, by proceeding from much more exact formulae for the cross-sections and self-energies than those which are usually accepted. In this formalism, the cross-sections are necessarily convergent; but, although the self-energies may frequentty converge where the usual perturbation series diverges, they are not finite of necessity, but each example has to be considered separately. The example which is crucial and a t the same time of greatest physical interest concerns the interaction of the electron and photon fields. There is some hope th a t a determination of the self-energy of the electron, regarded as the source of its restmass, may afford the first acceptable theoretical value of the fine-structure constant; also it would greatly strengthen the present rather insecure theory of the Lamb-R utherford shift (Bethe 1947) . One m ay omit from consideration the electrostatic self-energy; the elaborate A-limiting process reproduces, as it should, merely the Coulomb energy ^Jekeilrki which was originally inserted into the H am i k<l th a t it is obviously better regarded as p art of the energy of the unperturbed system. The transverse self-energy turns out to be rigorously divergent as long as the orthodox theory is employed. However, it is reduced to zero through the intro duction of Dirac's negative-energy quanta (Dirac 1942; Pauli 1943 ) w ithout the A-limiting process, which is therefore completely eliminated.
W hether the introduction of negative-energy photons can be regarded as a satis factory way out of the difficulties of quantum electrodynamics is still debatable; bu t there is included in the present paper a method of second quantization which makes it a very much more natural procedure than was originally apparent. A feature of the method employed throughout is the consistent use of the density m atrix which the author has already found convenient in other connexions (Born & Green 1947; Green 1948) . This requires a complete reformulation of the current field theory and method of second quantization, which are applicable only to wave vectors, thus leading in a very natural way to the appearance of the negative-energy states, the theory of which is much simplified.
. T h e g e n e r a l p e r t u r b a t i o n t h e o r y
Before proceeding to the derivation of exact formulae for scattering cross-sections and self-energies, a method of obtaining an exact solution of the general perturbation problem m ust be given, substantially equivalent though superficially dissimilar to th at developed by the author in another place (Born & Green 1948; appendix I) . The work is much facilitated by the introduction of a new notation, in which oper ators of the form AmBAn are denoted by AmA'nB, the prime indicating th at the factor An should be written after the operand B when the term is rearranged in correct order. The notation is suggestive of the form AmA'nB(A,A') of the corre sponding representative when A is diagonal and B(A,A') is the matrix element of B, but is used irrespective of representation. Thus an expression of the form/(yl, A') B, where/(A, A')is any function of A and A ' ,means an operator w are f(A, A') B(A,A') in a representation where A is diagonal; the matrix elements in any other representation can be obtained by making the appropriate unitary transformation. In this way the operator f{A ,A ')B can be defined even when f(A, A') is not an integral function. If f (A, A') is a function with a singularity at A = A ' , like 1/(A' -A), it is, however, necessary to avoid ambiguity th at the diagonal elements B(A,A) of B should vanish identically in the ^-representation.
The representation actually adopted is one in which a set of variables, denoted collectively by the symbol A, is diagonal, comprising the numbers of particles of the different types considered, together with their momenta and certain auxiliary variables, such as the sign of the energy state of an electron and the direction of polarization of a photon.
If H is the total Hamiltonian energy of the system, including interactions, the density matrix p representing the entire system will satisfy
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where Ex is diagonal, and therefore expressible in terms of the representation vari ables A, and V has vanishing diagonal elements. Ex will generally represent the total energy of the system without interaction, and V the interaction energy. After the substitutions Since H2 is quadratic in vx and H3 is quartic, etc., this process is rapidly con vergent if vx is small in relation to Ex, and the exact value of p a t time t is
where p0 is the (arbitrary) value a t time
advantage of the present method, th a t p is related to p0 by a unitary transformation, and the trace of these two operators is therefore the same; hence, if (2* 13) is correctly interpreted, cross-sections for scattering derived from it cannot diverge, and the same is true also of the intermediate approximations p2, p3, etc. The equation (2-13) may be rewritten
where uxeEt t n h ^Q-Extuh _ Q(Ei+E)2tiih^Q-(E1+Ea )t/in^ etc., and p0 = eEt/ih /50 e~Et/ih, E -
. (2*15) (2-16) I t may be inferred from (2*16) th a t E is the total energy of the system in diagonal form, including the interaction energies and self-energies of the system. To obtain cross-sections, the usual procedure is to substitute a diagonal value for p0, representing a pure state, and to seek the asymptotic value of p for large values of t. A more direct method is to find the asymptotic value of = (Hp-pH)/ift, since it is the rate of change of the diagonal elements of p which is actually required. In the calculation of these asymptotic values, one is effectively making the transition from the above time-dependent theory to the corresponding theory of stationary states.
On the assumption th a t V is independent of time, one obtains from (2*5) and (2-3)
Now, if e is chosen sufficiently small, but et nevertheless sufficiently large, the 1 _ e(Ei-E{)tan expression --------may, in integrals with respect to E[, be replaced neghgible error by 1/(E'X -Ex) for \E'x and by
Self-energies and cross-sections of orthodox quantum mechanics 77
| E'x -E11 < e. Hence, one has
The matrix representative of Ux will be recognized as the transformation matrix which appears in all theories of collision (cf. Heisenberg 1943) . Let
where E2 is diagonal and V 2 has vanishing diagonal elements. Writing H = Ex+V in (2*20) and using (2*19) to eliminate Ex, one obtains
so V 2 is the asymptotic value of v2, and and since p0, defined by (2-16), satisfies ififio -(E -E')p0, and further H eu^iheu*l™ ... = eu^ineu*'ih .
this value P actually satisfies the equation (2-1). 3
T h e f o r m u l a e f o r c r o s s -s e c t io n s a n d s e l f -e n e r g i e s
In specific applications, the initial density matrix p0 is taken diagonal (usually with a single non-vanishing diagonal element), and it might then appear that p0 and P, defined in (2-24), ought to be independent of time. This is not so, however, as may be seen from the following consideration. The diagonal elements of P contain terms with a factor of the-form ■ + nh8(E' -E'-E gularity correctly it is necessary to return to the expression , and to interpret this sinih ( l -4 E~E')mh) E ' -E from which it was derived. One obtains
r ,sm(E -E ')t/h (t large) so th a t one has
Cross-sections for scattering are determined by the asymptotic rate of change of the diagonal elements of the density m atrix, and require the calculation of the limiting form of p = H p -p H , or, since the diagon o iV p -pV. They are therefore given accurately by the diagonal elements of
which is time independent. In practice one may substitute to a sufficient degree of accuracy ^ = (^) -i (Veu^hp0e -u^-e u^p 0 (3*3)
In the calculation of self-energies one naturally limits consideration to one type of particle in interaction with its associated field. The self-energy is then contained in E -Ex, and is given sufficiently nearly by the diagonal elements of E2, defined by (2-20). Discarding V 2, which has no diagonal elements, on the right-hand side of this equation, and replacing H by Ex to a similar deg left, one obtains E2 ~ Q-Uxiih Ex _ e v
For the explicit evaluation of (3*3) and (3-4), it is necessary to know the m atrix elements ofeu* lih. Let U be an eigenvalue, and A, U) the corresponding normalized eigenvector, of the operator where A represents the initial state. I t is obvious th at these expressions will con verge in a variety of circumstances where the ordinary perturbation series, obtained by expanding the exponential eu/ih = 1 + U / i in (3'6), d Indeed, only in the most favourable conditions, when ^(A, U) tends to zero as -> oo more quickly than any power of XJ~X , can the ordinary perturbation series be expected to converge. The cross-sections obtained from (3-7), on the other hand, are necessarily convergent on account of the unitary character of eui/ih, whilst the self energy can diverge only on account of the summation over A'.
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Before the second quantization of the density matrix can be considered, it is nec^sary to devote some attention to the logically prior problem presented by a relativistic Lagrangian formulation of field theory in which the density matrix replaces the wave vector with which the customary theory operates. The notation of general relativity theory will be employed, but the metric tensor will be supposed to have the Galilean components gu = == 9^3 = -9*8 b, a#= /?. One may further conveniently make use of the relativistic form of the density matrix p(xa,xa'). x< x = (x,ct) in the co-ordinate representation, discussed by the author (Green 1949) elsewhere; the ordinary density matrix is obtained from it by writing x4' -x4. I t is sufficient for the present purpose to consider only Lagrangians linear in the density matrix, though any number of space and time derivatives will be allowed; some of the corresponding theory in terms of wave vectors is well known (cf. Chang 1946; de Wet 1948), but is more complicated than that given here (vide appendix). For the purpose of the present theory, which will be developed quite independently, a Lagrangian operator is formed, expressed as the sum of terms of the form P>where is the momentum operato with the space representative ■xf), and the prime attached to signifies, in accordance with the notation introduced in § 2, that this factor is normally written after the operand p. Then one may write
where Fi s a given function of the four-vectors pa and p'a, which may clearly be replaced by -ih(d/dxa) and ifo(d/dxa') respectively in the co-ordinate representation. The Lagrangian density L is obtained from by writing xa' = xa, and the action A by taking the trace X(=S?) of that operator.
It is convenient to define the following:
F J____L -----1 ---L--------------L
3! dpv 4! dpydp& dpadpp \ 2! 02 / 1 w 1 nr dF 1 nrn» 7 d2F dp* 4! dp'ydp's d f r + n'f a^'-, dp* P -, + ... and form the product of this expression with ny; the first term reduces to (S*0 -SaP')S£ by virtue of (4*6), and the second to
U pf O>+ pt'Q*'-p*Qe-p*'QI!')p -^P^+ v t> '™ -p « d J L -p «> H ) p
by virtue of (4*4); hence, making use of (4*10), one obtains rry&*to = W*).
(4-12)
It follows from this th at the angular momentum-tensor operator, j t^y = + (2 ih)-1 (x^yfi -satisfies the conservation law ny J taP >y -0, and th at the s tum tensor operator, defined by + &»*) + 7ry(^^,/? + ^y/U ) (4*14)
also satisfies the conservation law. The Lagrangian expressed in terms of the density matrix is automatically gaugeinvariant; it might be anticipated, therefore, that no new assumption would be required to demonstrate the conservation of charge, and from the expression Sfa = {Ga+Ga')p (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) for the charge-current vector, it is indeed obvious that, by virtue of the field equa tions (4-6), T T aSfx = 0.
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The usual method of second quantization proceeds from the commutation rules satisfied by the wave vector, which are determined fundamentally by the requirement th at they should lead to the particular aspect of matter. This method, besides being out of keeping with the fundamental role of the density matrix, has an important defect in that it excludes negative expectation values of the density matrix. While the precise meaning of such negative expectation values requires additional clarifica tion, the necessity for their introduction first became apparent in positron theory (cf. Heisenberg 1934) , where it found expression in a correspondence principle of a pragmatic nature, with the sole function of making the energy positive definite. Dirac (1942) has devised an elaborate formalism designed to extend the concept of negative expectation values to particles satisfying Bose statistics, and made use of it to alleviate, without actually in itself removing, the divergences of orthodox theory. Though the principal object here is simply the improvement of the rigour of the orthodox theory, it will be shown th at the necessity for such complications disappears when second quantization is applied to the density matrix instead of to the wave vector. This theory is now developed in an heuristic way.
Introducing as a temporary measure the wave function representing a state in which n particles, of a given kind and with specified momentum and other auxiliary variables, are present, let £ be the creation operator for this kind of particle, The operator £ is, of course, diagonal in the momentum, and, as both i/r(n) and r/r(n + 1) are normalized, must satisfy £*£ = 1; it is a unitary operator, though it would be incorrect to identify it with the quasi-unitary operator occurring in the VoL 197. A.
theory of the harmonic oscillator (see Dirac 1947, § 34) , where n is limited to positive values. The density m atrix p has the property pi/r(n) = n\]f(n) I t is now proposed to formulate the commutation rule for p and £; this will depend on the range of values which may be assumed by n, and one has therefore to consider several different alternatives. First, suppose n may be taken to have any integral value, positive or negative; then, for all values of n, p£i!r(n) = pi/r(n+ 1) = (n+ 1 1)
is the required commutation rule. The usual methods, applied to (5-3), lead to the following m atrix representatives: To obtain Bose statistics proper, one has to add the condition th a t p is positive definite; this is achieved by identifying <x+ with the H erm itian conjugate of o', when (3*6) reduces to the usual commutation rule, and one obtains the representative ann> = ft* 8nn'+i ; further, if iha = Ha, (2-1) is satisfied o suppress the positive expectation values in the same way by imposing the condition th a t cr+ should be the negative of the H erm itian conjugate of a; then the representa tive is ann. = i *J( -n) Sn>n>_x with n and n' taking only values which are In general, however, there is no need to separate the positive and negative expecta tion values in this artificial way, and one may write = f°r both positive and negative values of n and n'.
Next, suppose n may take only the values 0 and 1; then £^r(0) = ^(1), £*^(1) = 0).
If £^(1) = a^(0) + 6^(1) = («£* + 6 )^(1 ), then a£* + 6 m ust be unitary, and it follows th a t either a = 0 and | b| = 1 or b = 0 and | a \ symmetrical second alternative, which implies th a t £ and £* differ only by a numerical factor of modulus unity, one has instead of (5-1)
£^(n) = ijr(\-n) (5-7)
Self-energies and cross-sections of orthodox quantum mechanics where r is a Pauli matrix with proper values +1; (5'11) is valid for electrons and positrons, r can be related to the anti-commuting Dirac matrices a, /? by means of ( p2 + m2c2)i r = p . a + mc/3. One may interpret Dirac's theory of holes in the sense th at the negative expectation value -1 signifies the absence of a particle which is present, though unobservable, in vacuo. This being so, one wo to apply to the negative expectation values which arise in the generalization of Bose statistics; it is true that there is then the further conceptual difficulty that the number of Bose particles which can occupy a negative energy state is unlimited, and the state of the vacuum is therefore left quite arbitrary; however, as there seems to be no way of distinguishing between a photon in a positive energy state and a 'gap ' in a negative energy state, this does not lead to insuperable difficulties in practice. 6
T he electron and photon field s in interaction
The general theory of the preceding sections can now be applied to the special example of the electron and electromagnetic fields in interaction, where the diverg ence difficulties have hitherto been most troublesome. No deviation from strictly orthodox theory need yet be considered; thus, although positron theory is admitted, the photon field may be supposed quantized strictly in accordance with Bose statistics, and the changes occasioned by the introduction of negative energy photons will be left for notice at the end. The vector potential of the electromagnetic field is represented in Fourier series by I~ I h '£ k~i ar(crrelkr-*l rje~tk'-'x//i), where the suffix r refers to photons with momentum k, and direction of polarization ar, crr is the corresponding operator defined by (5-5), and D is the volume of the real space considered. In the A-representation, the interaction energy F = ea.A has therefore the representative
where dn>n.+lr = K r,n/+i 14 K ans' -Also On account of (7-3) and (7-6), the symmetrized energy-momentum tensor TaP Thus a t the first approximation the method here employed gives a better result than the fifth approximation of the customary method. Moreover, the standard per turbation series (8-4) diverges for | A | > 1, whereas the sequence Afc cos Afc -sin Xk sin A .k + cos Afc converges to zero for (almost) all values of A = Ax. This may be seen most easily by writing Xk = tan 0k, -\n^6 k^ \n, when (8-5) reduces to 0k+ i = {dk + -tan 0k, where w is an integer, positive, negative, or zero. Unless A satisfies sin A = 0, A = nn, this sequence converges rapidly to zero (e.g. Ax = 1-000, A2 = -0-2180, A3 = 0-0035, or again Ax = 100, A2 = 0-0564, A3 = -0-0001). Hence, apart from some exceptional values, the method converges for all values of A; and if A < it converges monotonically.
)
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